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1. Introduction

The response of a sedimented bed of particles to shearing flows
is an issue which has been widely studied and discussed for over a
century. This problem is indeed at the center of the understanding
of a variety of natural phenomena such as sediment transport in
rivers and estuaries, erosion and deposition leading to the evolu-
tion of mountains and landscapes, and dune formation in the des-
ert (aeolian dunes) or underwater. It is also of fundamental
importance in numerous industrial processes such as slurry trans-
port or cutting discharge by hydraulic transport in the mining
industry. In practice, slurries which consist of mixtures of solid
and fluid are conveyed through pipelines, see e.g. Matoušek
(2005). Understanding the flow of settling slurries in pipelines is
also of great interest in the oil and gas industry especially in the
context of hydrate (solid crystal of clathrate) formation that are
encountered in offshore oil production.

One of the essential issue in slurry transport is to predict the on-
set of solid flow. The usual way of representing the incipient motion
of the particles is to use a dimensionless number called the Shields
number, h ¼ sb=ðqp � qf Þgd, which measures the relative impor-
tance of the destabilizing hydrodynamic force, i.e. sb d2 where sb is
the shear stress at the bed surface, and the stabilizing gravity force,
i.e. the apparent weight of a grain ðqp � qf Þd

3g, where d is the grain
diameter,qp andqf the density of the solid and the fluid respectively,
and g the acceleration due to gravity. The data, which are mostly col-
lected in the turbulent flow regime as shown in e.g. White (1970),
Mantz (1977), Yalin and Karahan (1979) and Dancey and Diplas
ll rights reserved.

+33 147527002.
).
(2002), are conventionally represented using the Shields curve by
plotting h against the boundary Reynolds number defined with the
friction velocity ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
sb=qf

q
as a velocity scale and d as length scale.

This representation, which seems somehow circular, stems from
Shields assumption that his measured shear stress attains a constant
value for large Reynolds numbers which is based on analogy with
Nikuradse (1933) finding that the friction factor (or drag coefficient)
also reaches a constant value, see e.g. Buffington (1999) discussion
of the Shields curve (his Fig. 4).

The main issue comes from unambiguously defining the shear
stress sb. In the low-Reynolds-number viscous regime, it is defined
as sb ¼ g _c where g is the fluid viscosity and _c the shear rate. In vis-
cous pipe flow, Ouriemi et al. (2007) precisely computed this shear
rate and, through measurement for the onset of grain motion, in-
ferred a critical Shields number hc ¼ 0:12 independent of the
Reynolds number for a large range of small particle Reynolds num-
bers. The objective of the present brief communication is to extend
this approach up to the turbulent regime. In Section 2, the thresh-
old for motion is characterized in a precise way through the cessa-
tion of granular motion. In Section 3, we propose a simple model in
which the basic assumption is that the critical Shields number
found in the laminar regime holds up to the turbulent regime.
The shear stress is defined using the friction factor in the two limits
of laminar and turbulent flows. In Section 4, this model is tested
against the experiments.

2. Experiments

Four different batches of spheres and four mixtures of UCON oil
75H-90000 and water at different temperatures were used in the
experiments, see their characteristics in Tables 1 and 2. The

mailto:yannick.peysson@ifp.fr
http://www.sciencedirect.com/science/journal/03019322
http://www.elsevier.com/locate/ijmulflow


Table 2
Fluid characteristics: viscosity g and density qf .

Fluid % UCON T ð�CÞ g (cP) qf ðg=cm3Þ

1 0 20 1:00� 0:05 1:004� 0:001
2 0 35 0:70� 0:04 0:999� 0:001
3 12 35 8:8� 0:4 1:023� 0:001
4 20 35 40� 2 1:040� 0:001

Table 1
Particle characteristics: diameter d and density qp .

Batch Composition d ðlmÞ qp ðg=cm3Þ

A Glass 132� 22 2:490� 0:003
B Polystyrene 538� 24 1:051� 0:002
C PMMA 132� 20 1:177� 0:002
D PMMA 193� 30 1:177� 0:002
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experimental test section was a horizontal glass tube having a
length 1.8 m and inner diameter D ¼ 3 cm. Particles were intro-
duced in the tube previously filled with the fluid to build a uniform
flat bed of a given initial height. A constant flow rate was then im-
posed by gravitational overflow from an overhead tank and mea-
sured with a flowmeter with an accuracy of 3.2%. At the outlet of
the tube, the particles were captured by a mesh while the fluid
was run into a reservoir and then pumped back to the overflowing
tank. Note that the captured particles were not re-injected into the
tube. The bed was illuminated by a laser sheet aligned with the
tube length. The illuminated upper layer of particles intersecting
the sheet was imaged by a digital camera. After calibration, this
provided a measurement of the bed height with an accuracy of
0.8 mm. Further details on the experimental techniques can be
found in Ouriemi et al. (2007).

The critical flow rate for sediment erosion was characterized
through the cessation of motion. When the flow rate was switched
on for a given bed height, the particles started to be eroded from
the bed surface. This caused the fluid height to increase and there-
fore the shear stress on the bed to decrease. The erosion eventually
stopped when the shear stress reached a critical value. At that
point, the bed had reached a rest height h which depended upon
the constant imposed flow rate Q. This cessation of erosion corre-
sponded precisely to the threshold of motion as by increasing the
flow rate by a small amount particles were set again in motion.
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Fig. 1. Critical flow rate Q versus normalized bed height h=D for batch A in fluid 1
ðjÞ, batch A in fluid 3 ðdÞ, batch A in fluid 4 ð�Þ, batch B in fluid 2 ð�Þ, batch C in
fluid 1 ðMÞ, and batch D in fluid 2 ð}Þ. The error bars are only indicated for batch C in
fluid 1 ðMÞ. Note that the vertical error bars are smaller than the size of the symbol.
In other words, there was no observed hysteresis between the
threshold for motion and that for cessation of motion. Fig. 1 shows
the flow rate versus the rest bed height h normalized by the pipe
inner diameter D for different combination of fluid and particles.
A clear decrease of the critical flow rate is observed when increas-
ing the bed height in all experiments.

3. Model

The basic assumption is that there is a critical Shields number
hc ¼ sc

b=ðqp � qf Þgd which characterizes the threshold for grain
motion and that this criterion holds for both laminar and inertial
flow regimes. The main difficulty lies in finding a proper definition
of the shear stress sb at the top of the bed which remains valid
throughout both regimes in the pipe geometry considered in the
present study.

In a pipe of inner diameter D partially filled by a flat granular
bed of height h, dimensional analysis gives

sb ¼
1
2
qf

Q
S

� �2

f Re;
h
D

� �
; ð1Þ

where f is a dimensionless function which depends upon both the
Reynolds number Re ¼ qf DQ=gS and the filling fraction h=D
whereas it is only controlled by Re in the pipe with no particles.
Here, the Reynolds number is defined using the superficial velocity
Q=S where Q is the flow rate and S the fluid section. The fluid section
can be easily evaluated as S=S0 ¼ f2 arccosð1� 2h=DÞ � 2ð1� 2h=DÞ
sin½arccosð1� 2h=DÞ�g=2p using a simple geometrical calculation
and S0 ¼ pD2=4 being the pipe section. The Newtonian fluid has a
density qf and a viscosity g.

A classical approach is to consider that the pipe friction factor
mainly depends upon a single dimensionless number instead of
two, i.e. f ðRe;h=DÞ ¼ f ðRe�Þ, by using a new Reynolds number
Re� ¼ qf D�Q=gS built with a new length scale called the equivalent
diameter D�. This new diameter has been computed numerically in
the viscous regime limit. In this limit, the incompressible Navier–
Stokes equations reduce to the Stokes equations as there is only
a single non-zero component of the velocity along the pipe length.
These equations have been solved with a no-slip boundary condi-
tion along the wetted perimeter and an imposed flow rate. This
yields the calculated shear stress at the top of the bed which is as-
sumed to be equivalent to that for a pipe with no particles having
an inner diameter D�, i.e. sbðh=DÞ ¼ 8gQ=SD�. Therefore,
D�=D ¼ S0 sbðh=D ¼ 0Þ=Ssbðh=DÞ can be directly computed, see
Fig. 2. Note that D� differs from the classical hydraulic diameter de-
fined as Dh ¼ 4S=P where P is the wetted perimeter (also plotted
for comparison in Fig. 2).

Using the above definition of the shear stress at the
top of the bed, we rewrite the threshold for grain motion,
hc ¼ ðqf Q

c2
=2S2Þ f ðRec

�Þ=ðqp � qf Þgd where the superscript c indi-
cates that the quantities are evaluated at threshold, as

Q c

Q 0

� �2

¼
2hc S

S0

� �2

f ðRec
�Þ
¼

2hc S
S0

� �2

f Qc

Q0

D�
D

S0
S Re0

� � ; ð2Þ

where Q0 ¼ U0S0 and Re0 ¼ qU0D=g are respectively a flow rate and
Reynolds number in the open pipe of inner diameter D and section
S0 ¼ pD2=4 based on a velocity U0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqp � qf Þgd=qf

q
. Note that the

significance of U0 can be derived from the same balance that
gives the Shields number if one assumes that hc � 1 and sb ¼ qf U

2
0.

The friction factor of a pipe f ðRe�Þ is well known in the Stokes
regime and is given by

f ðRe�Þ ¼
16
Re�

: ð3Þ
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Fig. 2. Normalized equivalent diameter D�=D (solid line) and hydraulic diameter
Dh=D (dotted line) versus filling fraction h=D.
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In the turbulent regime at large Re�, i.e. Re�J 104, the roughness
of the wall � needs to be accounted in the present case of a granular
bed since it has an effect on the boundary layer and thus influences
the friction factor. By dimensional analysis, the roughness effect
comes about through its relative dimension to that of the pipe,
i.e. �=D�. Comprehensive studies of turbulent flow in pipes of well
defined roughness were performed by Nikuradse (1933) who
found the empirical correlation

1ffiffiffi
f

p ¼ 4 log
D�
2�

� �
þ 3:48: ð4Þ

In between these two limiting regimes, one can find numerous
useful correlations, see e.g. chapter 4 of Govier and Aziz (1972) and
chapter 1 of Shook and Roco (1991), among which that of Churchill
(1977) meant to be valid in all regimes

f ¼ 2
8

Re�

� �12

þ ðAþ BÞ�1:5

" #1=12

where

A ¼ �2:457 ln
7

Re�

� �0:9

þ 0:27�
D�

" #( )16

and

B ¼ 37530
Re�

� �16

; ð5Þ

see Fig. 3.
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Fig. 3. Friction factor f versus Reynolds number Re� for �=D� ¼ 0:01: Stokes formula
(3) (dotted line), Nikuradse (1933) correlation (4) (thin solid line), and Churchill
(1977) correlation (5) (thick solid line).
4. Comparison and conclusion

Eq. (2) is solved using the different expressions for the friction
factor introduced in Section 3 and is tested in Fig. 4 against the
experiments presented in Section 2 using hc ¼ 0:12 and D� given
in Fig. 2 found in the viscous regime. The Reynolds number
Re0 ¼ qU0D=g is computed by using the fluid and particles proper-
ties for each data set.

The inertial and laminar regimes present a different qualitative
trend of the data. The Stokes friction factor provides a good
approximation up to large Re0, see the comparison between the
model and the experimental observations for Re0 ¼ 33ð�Þ;
150 ðdÞ; and 440 ðMÞ. The Nikuradse (1933) correlation, which
gives an upper bound for large Reynolds numbers, agrees well with
the experimental data at Re0 ¼ 1870 ðjÞ with �=D� ¼ 0:01. In the
present experiments, 0:004 K d=D K 0:017 (see Table 1) are of
the same order of magnitude as �=D� ¼ 0:01. Therefore, the effec-
tive roughness, i.e. the roughness in the equivalent pipe with no
particles of diameter D�, seems to be determined by the particle
size d. However, note that f has a weak variation with �=D� in the
Nikuradse (1933) correlation (4). The Churchill (1977) correlation
also gives a good agreement with �=D� ¼ d=D ¼ 0:004 for batch A
at Re0 ¼ 1870 since this correlation hold for all regimes.

In the intermediate regime where the transition from laminar to
turbulent flows takes place, the Churchill (1977) correlation yields
a good estimate with �=D� ¼ d=D ¼ 0:017 for batch B at
Re0 ¼ 710 ð�Þ and �=D� ¼ d=D ¼ 0:006 for batch D at
Re0 ¼ 820 ð}Þ. Interestingly, the Nikuradse (1933) correlation pro-
vides a decent agreement too since f presents a very slow de-
crease with Re� for these intermediate Reynolds numbers, see
Fig. 3. Note that the data are more scattered in this transition re-
gime. This may be due to the nature of the transition. Indeed, the
transition happens to be subcritical and therefore is very sensitive
to finite amplitude perturbations. Localised disturbances at the le-
vel of the pipe (which can include surface roughness or local con-
striction of the pipe) as well as suspended particles have been
observed to influence strongly the transition, see e.g. Darbyshire
and Mullin (1995), Matas et al. (2003), and Peixinho and Mullin
(2007).

In summary, the two limits of Stokes and Nikuradse frictions
seems to be able to describe incipient motion for all fluid-flow re-
gimes using a classical equivalent-pipe approach and assuming a
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error bars are only indicated for batch C in fluid 1 ðMÞ.
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constant critical Shields number. This latter assumption will pre-
vail until lift forces become dominant for much higher Reynolds
numbers, typically Re J 106, see e.g. Mollinger and Nieuwstadt
(1996) and references wherein.
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